Let G be a locally compact amenable group, TLIM(G) the topologically left-invariant means on G, and TLIM 0 (G) the limit points of Følner-nets. In 1970, Chou showed the convex hull of TLIM 0 (G) is dense in TLIM(G). In 2009, Hindman and Strauss showed TLIM 0 (N) = TLIM(N), and asked whether equality holds in general. I prove TLIM 0 (G) = TLIM(G) unless G is σ-compact non-unimodular.
Introduction and notation
1.1. G is a locally compact amenable group with left Haar measure | · |. E ⊂ G signifies that E is measurable. H is the set of all E ⊂ G with finite positive measure. P denotes a finite partition of G into measurable sets {E 1 , . . . , E p }. #E denotes the cardinal number of E. K denotes a compact subset of G. Γ denotes a directed set. ǫ denotes a real number in (0, 1 6 ), so that 1 1−3ǫ < 1 + 6ǫ < 2. M = {µ ∈ L * ∞ (G) : µ = µ(1 G ) = 1} is the set of means on L ∞ (G), endowed with the w *topology. M is convex and compact. A neighborhood sub-basis about µ ∈ M is given by sets of the form N (µ, F , ǫ) = {ν ∈ M : (∀f ∈ F ) |µ(f ) − ν(f )| < ǫ}, where F ranges over finite subsets of L ∞ (G) and ǫ ranges over (0, 1 6 ). Lemma 1.2. Regard each µ ∈ M as a finitely additive measure, via µ(E) = µ(1 E ). A neighborhood sub-basis about µ ∈ M is given by sets of the form N (µ, P, ǫ) = {ν ∈ M : (∀E ∈ P) |µ(E) − ν(E)| < ǫ}, ranging over all (P, ǫ).
Proof. Pick N (µ, F , ǫ). For simplicity, suppose F consists of simple functions. Let M = max{ f ∞ : f ∈ F }. Let P be the atoms of the measurable algebra generated by F . Then N µ, P, ǫ #P·M ⊂ N (µ, F , ǫ).
Let {F γ } be a net indexed by Γ, with each F γ ∈ H . {F γ } is called a Følner-net if F γ is eventually (K, ǫ)-invariant, for any pair (K, ǫ). When we say "µ is the limit of the Følner-net {F γ }," we mean µ Fγ → µ in the w * -topology.
Proposition 1.5. If µ is the limit of the Følner net {F γ }, then µ ∈ TLIM(G).
Proof. Pick φ ∈ L ∞ (G), f ∈ P 1 (G), and ǫ > 0. Suppose g ∈ P 1 (G) has compact support K and
1.6. The converse of the above proposition can be formulated in different ways:
Question (1) has a negative answer by Theorem 2.2 and Theorem 2.5. Question (2) is answered by Theorem 5.14, Theorem 6.1, and Theorem 6.2, as follows: Let I(K, ǫ) be the set of all compact (K, ǫ)-invariant subsets of G. Let TLIM 0 (G) be the set of all µ ∈ M such that for each triple (P, K, ǫ) there exists A ∈ I(K, ǫ) with µ A ∈ N (µ, P, ǫ). When G is σ-compact non-unimodular, TLIM 0 (G) = TLIM(G). Otherwise equality holds. Proof. Let Γ be the set of all finite partitions of G, ordered by refinement. Pick P = {E 1 , . . . , E p }. For
Converging to invariance weakly but not strongly
2.3. The hypothesis "µ vanishes on finite sets" is necessary. For example, pick x, y ∈ G and define µ ∈ M by µ({x}) = 1 3 and µ({y}) = 2 3 . Then for any A ∈ H , µ A ∈ N µ, ({x}, {y}, G \ {x, y}), 1 6 . This foreshadows Theorem 6.2.
Lemma 2.4. Suppose G is not discrete. Let E ∈ H and X = {x 1 , . . . , x n } ⊂ G. Then there exists S ⊂ E such that 0 < |S| ≤ c and {x 1 S, . . . , x n S} are mutually disjoint.
Proof. Let K ⊂ E be any compact set with positive measure. Let U be a small neighborhood of e, so U U −1 ∩ X −1 X = {e} and max k∈K |U k| ≤ c.
Proof. Let Γ be the set of all finite measurable partitions of G, ordered by refinement.
2.6. Apply Theorem 2.2 or Theorem 2.5 to obtain
In the terminology of [RW01] , {S P } converges to invariance "weakly", because lim P µ SP , l t f − f = 0 for all f ∈ L ∞ (G) and t ∈ G. But it does not converge to invariance "strongly", because lim P |tS P ∆S P |/|S P | = 0 does not hold for all t ∈ G.
κ-Compactness
For S ⊂ G, let κ(S) denote the smallest cardinal such that there exists K, a collection of compact subsets of G with #K = κ(S) and S ⊂ K. Lemma 3.3. Pick (P, K, ǫ) and µ ∈ TLIM 0 (G). There exists a family {A α } α<κ(G) ⊂ I(K, 4ǫ) of mutually disjoint sets, such that µ Aα ∈ N (µ, P, 4ǫ) for each α. 
Proof. By definition of TLIM
0 (G), choose A 0 . Suppose {A α } α<β have been chosen. Define B = α<β A α . If P = {E 1 , . . . , E p }, let P B = (E 1 \ B, . . . , E p \ B, B). Pick A ∈ I(K, ǫ) with µ A ∈ N (µ, P B , ǫ). Let A β = A \ B. By Lemma 3.2, µ(B) = 0, hence |A\A β | |A| = |A∩B| |A| = µ A (B) < ǫ. It follows that |A β | |A| > 1 − ǫ. Hence ρ(A, A β ) = |A\A β | |A| + |A β | · 1 |A β | − 1 |A| < ǫ + 1 − 1 1−ǫ < 3ǫ. Thus µ A β ∈ N (µ, P, 4ǫ). If x ∈ K, |xA β ∆A β | ≤ |xA β ∆xA| + |xA∆A| + |A∆A β | < 3ǫ|A| < 3 ǫ 1−ǫ |A β |, so A β ∈ I(K, 4ǫ).
The method of Hindman and Strauss
Applying the triangle inequality to the previous two lines, we have µ A∪B − 1 By Lemma 4.4, µ A∪B ∈ N 1 2 (µ + ν), P, 7ǫ . We conclude 1 2 (µ + ν) ∈ TLIM 0 (G).
5.
Ornstein-Weiss quasi-tiling: The unimodular case 5.1. We require the following notions of (K, ǫ)-invariance:
A is compact and ∀x ∈ K |xA∆A|/|A| < ǫ}. This is just I(K, ǫ), as above. 
Lemma 5.3. The definition of TLIM i (G) is unchanged if, instead of ranging over all compact sets, K ranges over compact sets that are symmetric and contain e. After this lemma, we will always assume e ∈ K = K −1 .
Proof. Let J = K ∪ K −1 ∪ {e}. Then we have the following inclusions: • I 0 (J, ǫ) ⊂ I 0 (K, ǫ). • I 1 (J, ǫ) ⊂ I 1 (K, ǫ/2) by Lemma 5.2. • I 2 (J, ǫ) ⊂ I 2 (K, ǫ).
Proof. Clearly I 2 (K, ǫ) ⊂ I 1 (K, ǫ). And I 1 (K, ǫ/2) ⊂ I 0 (K, ǫ) by Lemma 5.4.
Lemma 5.6. TLIM 0 (G) ⊂ TLIM 1 (G) Proof. Pick (K, ǫ). By [Eme68, Theorem 15], we can find (K ′ , ǫ ′ ) such that for each A ∈ I 0 (K ′ , ǫ ′ ), there exists B ∈ I 1 (K, ǫ) with ρ(A, B) < ǫ.
Corollary 5.8. TLIM 0 (G) = TLIM 1 (G) = TLIM 2 (G).
Lemma 5.9. If F ∈ I 1 (K, ǫ), then |F | > (1 − ǫ)|KF |. Of course when G is unimodular, |KF | ≥ |K|. Lemma 5.13. If S i ∈ I 1 (K, ǫ) and
Theorem 5.14. If G is unimodular, TLIM 0 (G) = TLIM(G). Proof. Same as Theorem 6.1. 7.4. Fix P = {E 1 , . . . , E p } and X = {x 1 , . . . , x n }, with x 1 = e. For C = (c 1 , . . . , c n ) ∈ {1, . . . , p} n , let E(C) = {y ∈ G : x 1 y ∈ E c1 , . . . , x n y ∈ E cn } = n k=1 x −1 k E c k . Now Q = {E(C) : C ∈ {1, . . . , p} n } is a refinement of P. Notice E i = {E(C) : c 1 = i} and x −1 k E i = {E(C) : c k = i}. The idea of refining P this way is due to [RW01] .
Theorem 7.5. If G is non-discrete but amenable-as-discrete, then LIM 0 (G) = LIM(G).
Proof. Pick µ ∈ LIM(G) and (K f , P, ǫ). Let X = {x 1 , . . . , x n } be (K f , ǫ)-invariant, with x 1 = e. Let Q refine P as above, say {F ∈ Q : |F | > 0} = {F 1 , . . . , F q }. Let m = min{1, |F 1 |, . . . , |F q |} and c = m/(n 2 q). By Lemma 2.4, pick S 1 ⊂ F 1 such that 0 < |S 1 | ≤ c and S 1 S −1 1 ∩ X −1 X = {e}. For 1 ≤ k < q, inductively choose S k+1 ⊂ F k+1 \ X −1 X(S 1 ∪ . . . ∪ S k ) with 0 < |S k+1 | ≤ c and S k+1 S −1 k+1 ∩ X −1 X = {e}. This is possible, since |F k+1 \ X −1 X(S 1 ∪ . . . ∪ S k )| ≥ m − n 2 kc > 0. Now let m ′ = min{|S 1 |, |S 2 |, . . . , |S q |} and c ′ = m ′ /q. 
